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CONCENTRATION OF MEASURE FOR CLASSICAL LIE GROUPS
S.L. CACCIATORI1,2 AND P. URSINO3
Abstract. We investigate the phenomenon of concentration of measure from a “phenomenological” point
of view, by working on specific examples. In particular, we will get some speculative hints about extreme
amenability of certain examples of infinite dimensional Lie groups.
1. Introduction
The concentration of measure, especially in relation of an increasing of dimensions, is a very interesting
phenomenon, both in mathematical and in physical contexts. In physics, after Einstein, spacetime is described
by a four dimensional manifold with a dynamical Lorentzian geometry. However, at the moment there is not
any reason to think that such a description should continue to work at sub-Planckian scales. On the opposite,
at these scales quantum effects are expected to become dominant even though any theory proposed up to now
is not much more than at a speculative level. Such quantum corrections are expected, for example, to solve the
problem of curvature singularities in black hole physics, predicted by singularity theorems. We have not any
proof indicating what exactly should happen below such scales. For example, regarding curvature singularities
of black holes, we can think at them as an infinite energy density concentrating into a point. Thinking about
the dynamical process of such a collapse, and remaining at a speculative level, we could not exclude that when
in a very small region the energy density grows excessively, then the number spatial dimensions increases more
and more. This would lead to a “spreading of directions” allowing for a lowering of the energy density and,
maybe, smoothing out the singularity, since, as it is well known, the Lebesgue measure concentrates on the
boundaries when dimensions increase. Further, the concentration of energy in higher dimensions could lead to
new kind of forces induced from the “infinite” dimensional spacetime to the usually visible finite dimensional
world, and could then appear as a mysterious force in lower dimensions. However, these arguments are just
speculative examples, and, in order to make them dynamically working, we need to improve our understanding
of the phenomenon of measure concentration, which does not depends only on the varying of dimensions but
also on topology.
In order to clarify the meaning of concentration, let us consider an elementary example, which, despite it
being a degenerate case it helps to understand the essential features of the phenomena we are interested in. Let
us consider the family
Yn = (S
1, gn, µn), (1.1)
where
gn =
dθ2
4π2n2
, µn =
dθ
2π
. (1.2)
Fix an arbitrary sequence of open intervals An = {θ|θ0 < θ < θ0 + an}, so that
lim inf
n→∞
µ(An) = lim inf
n→∞
an
2π
> 0. (1.3)
Let Nε(An) the tubular neighbourhood of An of ray ε (in the metric gn). Therefore, if N > π/ε, we have
Nε(AN ) = S
1 and limn→∞ µn(Nε(An)) = 1. Thus, we see that this family is Levy (for the definitions of Levy
family and of concentration of measure we refer to [P] and [GM]). In the given choice for the sequence, the
measure apparently concentrates on the point θ0, but indeed it concentrates on any point of the circle. The
reason is that the concentration is metric, and the diameter of the family goes to zero in the given metrics: the
diameter of S1 in the metric gn is 1/(2n), so that a ball of arbitrary small but fixed radius contains the whole
space, for n large enough. What does this mean in terms of the limit space?
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Let us assume that Yn converges to Y = (X, g, µ) in some sense. At a first sight it looks natural to assume
X = S1 and µ = µn. Nevertheless, the naive choice for the metric would be 0, since this would be the only
possibility compatible with the concentration phenomenon: all the points must be “topologically identified”.
Thus, the only way out is to identify all the points of S1 to a unique one and the support of the measure trivially
collapses to a point. On the other side, we could define the limit by choosing any other topology compatible with
the ones of the Yn, for example the induced limit topology, a topology that on the union of the Yn, which makes
continuous the inclusions Yn →֒ Yn+1. In our example such topology is metrizable, say, with the metric g1. But
in this topology what would be the meaning of concentration? The meaning of concentration of the measure
on a given set is not much that it concentrates on any arbitrarily small neighbourhood of that set but, rather,
that it vanishes on any complement of such a small neighbourhood. Since in our example such complements
are all definitely empty, the limit measure does not concentrates really on points but remains supported on the
whole S1 in the inductive limit (and in any case).
Let us consider a second less trivial but again degenerate example. This time we fix the set and the metric and
modify the measures so that
Zn = (S
1, g, µn), (1.4)
where
g = dθ2, µn =
1
2π
22n−1Γ(n)n!
Γ(2n)
sin2n
θ
2
dθ. (1.5)
Again, we have a Levy family where now the measure concentrates on the point π, with respect a single metric.
In this case we have a genuine concentration over a specific fixed point in place of a generic one. The measures
we adopted are not translationally invariant and, thus, we have not the possibility to move the concentration
point without changing the measures. In this sense, it is the opposite situation with respect to the previous
example.
In order to consider an intermediate situation and further illustrate our viewpoint, let us go back to the
example of the spheres. In this case the normalized Lebesgue measure concentrates over all equators. Indeed,
fixed a polar coordinate system centred at a given point p on the sphere, one immediately see that the measure
concentrates on the equator relative to the given pole (looked at as a north pole). This means that for any open
neighbourhood of p not intersecting a open (arbitrarily small) neighbourhood of the relative equator, will have
evanescent measure (t.i. vanishing in the limit). This does not really require the notion of a metric, a Hausdorff
topology would be sufficient in order to separate the north pole from the equator.
To our opinion these considerations are relevant for investigating the extreme amenability of groups obtained
as limits of Levy families, [DT], [GP]. Recall that such a group is said to be extremely amenable if each time it
admits an equicontinuous action on a compact set K, then there exist a point x ∈ K that is left fixed by the
whole group. The above example of S1, interpreted as a Lie group with invariant measures, suggests that, in
general, for a compact group one should expect that the only way to have concentration is that the whole space
contracts to a single point (if one uses metric topology) and, as a group, it has to be identified with the unit
element, which, trivially, has fixed points acting on any possible compact manifold. Things change when the
limit group is infinite dimensional. It is clear that the result may depend on the topology of the limit group,
but also on the way the embeddings Gi ⊆ Gi+1 are realized.
It is known that, if one works with the Hilbert-Schmidt topology and considers canonical embeddings, then
U(∞) = SU(∞) is extremely amenable. Nevertheless, if one considers finer topologies, as the inductive limit
topology (notice that is not at all obvious that the limit of a sequence of Lie groups produces Lie groups, see [G]
and [N]), then SU(∞) ( U(∞), U(∞)/SU(∞) ≡ S1 and, obviously, the action of U(∞) on such U(1) cannot
have fixed points, this implying that U(∞) cannot be extremely amenable (with the finer topology). It is
worth to mention that the limit depends not only from the topology but also from the embeddings defining the
sequence of groups. For example, we can replace the canonical embedding U(n) ⊂ U(n+1) with the embeddings
U(n)
J→֒ SU(n+ 1) ⊂ U(n+ 1) (1.6)
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with
J(X) =
(
X ~0
~0t detX−1
)
.
This embeddings lead to the result SU(∞)J = U(∞)J for any limit topology we choose.
The aim of the present paper is to shed some light on the concentration property mainly starting from a finite
dimensional perspective. Let us suppose that {Gi, µi}, Gi ⊆ Gi+1 is a Levy family of compact Lie groups, with
invariant measures. Let G =
⋃
iGi. We will investigate the concentration of measure on such family in a similar
way as one can do with the Lebesgue measures on the spheres. Next we will analyse the effect of the action
of such groups on finite dimensional compact manifolds and in the case of two explicit infinite dimensional
examples. Whereas in the first case we can infer simple but general results, in the second case we have not
been able to construct a sufficient ample family of examples in order to get a significative phenomenology.
Nevertheless, we will try to get some hints regarding properties of extreme amenability of a class of infinite
dimensional groups, already from such simple examples.
2. Concentration of measure on compact Lie groups
We will start by considering the concentration of measure on compact Lie group families by direct inspection
of their geometries and of the invariant measures on them. Before doing this for a quite general class of compact
Lie groups, let us first consider the cases of the classical series. In this case we will prove not only that one gets
Levy families, but we will also individuate the concentration loci.
2.1. Concentration of measure on simple compact Lie Groups. In this section we consider the classical
series of simple Lie groups. We will always mean the simply connected form of the groups and will consider the
standard normalization for the matrices, see App. A.3. Se also App. A for notations.
2.1.1. Special unitary groups. The group SU(n) of unitary n×n matrices with unitary determinant is a simply
connected group of rank n− 1 and its Lie algebra is the compact form of An−1, that is su(n). The center is Zn,
generated by the n-th roots of 1. The fundamental invariant degrees are di = i+1, i = 1, . . . , n−1. The spheres
generating the cohomology have dimension Di = 2i+1. With the standard normalisation a fundamental system
of simple root can be represented as follows:
one identifies isometrically H∗
R
with an hyperspace of Rn, as
H∗R ≃ {(x1, . . . , xn) ∈ Rn|x1 + . . .+ xn = 0}. (2.1)
In this representation, if ei, i = 1, . . . , n is the canonical (orthonormal) basis of R
n, the simple roots are
αi = ei − ei+1, i = 1, . . . , n− 1. (2.2)
All roots have square length 2, and coincide with the coroots. The dimension of the group is n2 − 1, so that
there are p = n(n− 1)/2 positive coroots. The volume of the torus is
V (T n−1) = |(e1 − e2) ∧ . . . ∧ (en−1 − en)| =
√
n. (2.3)
Thus, the Macdonalds formula (A.2) gives
V (SU(n)) =
√
n(2π)
n(n+1)
2 −1∏n−1
i=1 i!
. (2.4)
It follows that
V (SU(n+ 1))
V (SU(n))
=
√
n+ 1
n
(2π)n+1
n!
∼
√
2π
n
(
2πe
n
)n
, (2.5)
so that, since dimSU(n+ 1)−dimSU(n) = 2n+ 1, we have(
V (SU(n+ 1))
V (SU(n))
) 1
2n+1
∼
(
2πe
n
)1/2
. (2.6)
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This is substantially the same behaviour as for the spheres (of radius 1), [L], and it is enough to prove the
concentration of the measure, but it does not give us direct information on how the concentration sets move.
A more precise result is the following.
Proposition 1. Let us consider the Hopf structure of SU(n+ 1), t.i. U(n) →֒ SU(n+ 1) −→ CPn. Let Sn be
the hyperplane at infinity in CPn, and
ι : Sn →֒ CPn (2.7)
the corresponding embedding. Finally, let µn the normalised invariant measure on SU(n + 1). Then, after
looking at SU(n+ 1) as a U(n)-fibration over CPn, in the limit n→∞ the invariant measure concentrates on
the real codimension 2 subvariety
Σn = ι
∗(SU(n+ 1)). (2.8)
Proof. Recall that U(n) ⊂ SU(n + 1) is a maximal proper Lie subgroup and CPn = SU(n + 1)/U(n) (and
SU(n) ⊂ U(n)). Therefore, one expects for the measure µSU(n+1) to factorise as
dµn = dµCPn × dµU(n). (2.9)
Now CPn ≃ S2n+1/U(1) and the natural metric over it is the Fubini-Study metric that is invariant under the
action of the whole SU(n+ 1) group. Thus, we expect the measure dµCPn , inherited from the whole invariant
measure, to be the one associated to the Fubini-Study metric. On the other hand, the relation between CPn
and S2n+1 suggests that the concentration of the measure of dµCPn should happen over some codimension two
submanifold S ⊂ CPn. This would imply that the whole invariant measure of SU(n + 1) concentrates on a
U(n) fibration over S. This is the strategy of the proof that we will now explicit out. To this aim we employ
the explicit construction of the invariant measure over Lie groups given in [CDPS]. In particular, the analysis
of the geometry underlying the construction of the invariant measure for SU(n) has been performed in [BCC].
Fix a generalized Gell-Mann basis {λI}n
2+2n
I=1 for the Lie algebra of SU(n + 1) as in [BCC]. Thus, the first
n2 matrices generate the maximal subgroup U(n), the last one being the U(1) factor, and, in particular, the
matrices {λ(a+1)2−1}na=1 generate the Cartan torus T n. Then, the parametrization of SU(n+1) can be obtained
inductively as
SU(n+ 1) ∋ g = h · u, (2.10)
where u ∈ U(n) is a parametrization of the maximal subgroup, and
h = eiθ1λ3eiφ1λ2
N∏
a=2
[ei(θa/ǫa)λa2−1eiφaλa2+1 ], ǫa =
√
2
a(a− 1) , (2.11)
parametrizes the quotient. From h one can construct a vielbein for the quotient as follows. Let Jh be the
Maurer-Cartan 1-form of SU(n+ 1) restricted to h. Then set
el =
1
2
Tr[jh · λn2+l−1], l = 1, . . . , 2n. (2.12)
They form a vielbein for SU(n+ 1)/U(n) ≃ CPn so that
ds2CPn = δlme
l ⊗ em, (2.13)
dµCPn = det e (2.14)
are the metric and invariant measure respectively, induced on CPn. In particular, one gets
det e = 2dθndφn cosφn sin
2n−1 φn
n−1∏
a=1
[sinφa cos
2a−1 φadθadφa]. (2.15)
One can also write down the metric. Indeed, it has been shown in [BCC] that it is exactly the Fubini-Study
metric for CPn written in unusual coordinates. Since this is relevant for our analysis, let us summarise it. Let
(ζ0 : · · · : ζn) be the homogeneous coordinates and
K = 1
2
log(|ζ0|2 + . . .+ |ζn|2) (2.16)
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be the Ka¨hler potential. Fix a coordinate patch, say U0 = {ζ : ζ0 6= 0} with the relative non-homogeneous
coordinates zi = ζi/ζ0, i = 1, . . . , n. When z varies in C
n, the coordinate patch covers the whole CPn with the
exception of a real codimension two submanifolds defined by the hyperplane
Sn ≡ CPn−1 = {0 : ζ1 : · · · : ζn}, (2.17)
the so called hyperplane at infinity. In these local coordinates the Fubini-Study metric has components gij¯ =
∂2K/∂zi∂z¯j:
ds2F−S =
∑
i dzidz¯i
1 +
∑
j |zj|2
−
∑
i,j z¯idzizjdz¯j
(1 +
∑
j |zj|2)2
. (2.18)
Following [BCC], let us introduce the change of coordinates
zi = tan ξRi(ω)e
iψi (2.19)
where Rj(ω) is an arbitrary coordinatization of the unit sphere S
n−1, ψi ∈ [0, 2π), ξ ∈ [0, π/2). In these
coordinates
ds2F−S = dξ
2 sin2 ξ
[∑
i
dRidRi +
∑
i
R2i dψidψi
]
− sin4 ξ
[∑
i
R2i dψi
]2
. (2.20)
In [BCC] it has been proved that this metric coincides with (2.13), after a simple change of variables, which, in
particular, includes ξ = φn. On the other hand, from (2.15), using∫ π/2−ε
0
cosφn sin
2n−1 φndφn =
cos2n ε
2n
, (2.21)
we see that the measure over CPn concentrates around φn = ξ = π/2. Finally, since
(1 : tan ξR1(ω)e
iψ1 : · · · : tan ξRn(ω)eiψn) = (1/ tan ξ : R1(ω)eiψ1 : · · · : Rn(ω)eiψn)
7→ (0 : R1(ω)eiψ1 : · · · : Rn(ω)eiψn) (2.22)
when ξ → π/2, we see that the concentration is on the hyperplane Sn at infinity. Thus , if
ι : Sn →֒ CPn (2.23)
is the embedding of the hyperplane and if we look at SU(n+ 1) as a fibration over CPn, we get that the whole
measure concentrates on
Σ = ι∗(SU(n+ 1)), (2.24)
which is what we had to prove. 
2.1.2. Odd special orthogonal groups. The second classical series of simple groups is given by the odd dimensional
special orthogonal groups SO(2n+ 1) of dimension n(2n+ 1) and rank n. The center of the universal covering
Spin(2n + 1) is Z2. The Lie algebra is the compact form of Bn, n ≥ 2. The invariant degrees are di = 2i,
i = 1, . . . , n and the dimensions of the spheres generating the cohomology are Di = 4i − 1. If we choose
the standard normalisation, a fundamental system of simple roots in Rn ≃ H∗
R
is given by αi = ei − ei+1,
i = 1, . . . , n− 1, and αn = en. The corresponding coroots are αˇi = αi for i = 1, . . . , n− 1, and αˇn = 2αn. There
are p = n2 positive coroots, n of which have length 2 and the others have square length 2. The volume of the
torus is
V (T n) = |(e1 − e2) ∧ (en−1 − en) ∧ 2en| = 2. (2.25)
The Macdonald’s formula thus gives
V (Spin(2n+ 1)) =
2n(n+2)+1πn(n+1)∏n
i=1(2i− 1)!
, (2.26)
so that
V (Spin(2n+ 1))
V (Spin(2n− 1)) =
22n+1π2n
(2n− 1)! ∼
√
4π
n− 12
(
2πe
2n− 1
)2n−1
. (2.27)
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Since dimSpin(2n+ 1)−dimSpin(2n− 1) = 4n− 1, we have
(
V (Spin(2n+ 1))
V (Spin(2n− 1))
) 1
4n−1
∼
(
2πe
2n
)1/2
, (2.28)
which shows the same behaviour as for the unitary groups. Again, in order to understand how concentration
works, we have to do some geometry.
Proposition 2. Set Bn = S
2n×S2n−1 ≡ Spin(2n+1)/Spin(2n−1) so that Spin(2n+1) looks as a Spin(2n−1)-
fibration over Bn. Finally, let Sn a bi-equator of Bn (the cartesian product of the equators of the two spheres),
and
ι : Sn →֒ Bn (2.29)
the corresponding embedding. Then, in the limit n→∞ the invariant measure µn of Spin(2n+1) concentrates
on the codimension two subvariety
Σn = ι
∗(Spin(2n+ 1)). (2.30)
Proof. Since the proof is much simpler than in the previous case, we just sketch it, leaving the details to the
reader. By using the methods in [CDPS], in a similar way as before, it is easy to prove that the invariant
measure dµn factorises as
dµSpin(2n+1) = dµSpin(2n−1) × dmS2n × dmS2n−1 , (2.31)
where dm is the Lebesgue measure. Therefore, since is well known that the Lebesgue measures on the spheres
concentrate over the equators we get again that the measure dµn concentrates on a Spin(2n− 1) fibration over
a codimension two submanifold of S2n × S2n−1. 
2.1.3. Symplectic groups. The compact form USp(2n) of the symplectic group of rank n has dimension 2n2+2.
Its center is Z2 and its Lie algebra is the compact form of Cn, n ≥ 2. The invariant degrees are the same as for
SO(2n+ 1), so they have the same sphere decomposition. In the standard normalisation the roots of USp(2n)
are the coroots of SO(2n + 1) and viceversa. Therefore, we have n2 − n coroots of length √2 and n of length
1. The volume of the torus is
V (T n) = |(e1 − e2) ∧ (en−1 − en) ∧ en| = 1, (2.32)
and the volume of the group is
V (Usp(2n)) =
2n
2
πn(n+1)∏n
i=1(2i− 1)!
. (2.33)
Again, we get (
V (USp(2n))
V (USp(2n− 2))
) 1
4n−1
∼
(
2πe
2n
)1/2
. (2.34)
Proposition 3. Set S4n−1 ≡ USp(2n)/USp(2n− 2) so that USp(2n) looks as an USp(2n− 2)-fibration over
Bn. Finally, let Sn an equator of Bn, and
ι : Sn →֒ Bn (2.35)
the corresponding embedding. Then, in the limit n→∞ the invariant measure µn of Spin(2n+1) concentrates
on the codimension one subvariety
Σn = ι
∗(USp(2n)). (2.36)
The proof is the same as for the spin groups.
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2.1.4. Even special orthogonal groups. The last series is given by the even dimensional special orthogonal groups
SO(2n) of dimension n(2n− 1) and rank n. The center of the universal covering Spin(2n) is Z2×Z2 if n = 2k,
and Z4 if n = 2k + 1. The Lie algebra is the compact form of Dn, n ≥ 4. The invariant degrees are di = 2i,
i = 1, . . . , n − 1, dn = n and the dimensions of the spheres generating the cohomology are Di = 4i − 1,
i = 1, . . . , n− 1, Dn = 2n− 1. If we choose the standard normalisation, a fundamental system of simple roots in
Rn ≃ H∗
R
is given by αi = ei−ei+1, i = 1, . . . , n− 1, and αn = en1 +en. The corresponding coroots are αˇi = αi
for i = 1, . . . , n, and all have length
√
2. There are p = n2 − n positive coroots. The volume of the torus is
V (T n) = |(e1 − e2) ∧ (en−1 − en) ∧ (en−1 + en)| = 2. (2.37)
Thus,
V (Spin(2n)) =
2n
2+1πn
2
(n− 1)!∏n−1i=1 (2i− 1)! , (2.38)
and
V (Spin(2n))
V (Spin(2n− 2)) =
2(2π)2n−1
(2n− 2)! ∼
√
4π
n− 1
(
2πe
2n− 2
)2n−2
. (2.39)
Since dimSpin(2n)−dimSpin(2n− 2) = 4n− 3, we have(
V (Spin(2n))
V (Spin(2n− 2))
) 1
4n−3
∼
(
2πe
2n
)1/2
, (2.40)
which, again, shows concentration.
Proposition 4. Set Bn = S
2n+1 × S2n ≡ Spin(2n+ 2)/Spin(2n) so that Spin(2n+ 2) looks as a Spin(2n)-
fibration over Bn. Finally, let Sn a bi-equator of Bn, and
ι : Sn →֒ Bn (2.41)
the corresponding embedding. Then, in the limit n→∞ the invariant measure µn of Spin(2n+2) concentrates
on the codimension two subvariety
Σn = ι
∗(Spin(2n+ 2)). (2.42)
This exhausts the classical series. Further considerations can be made by using the Riemannian structure,
we demand it to App. A.1. Here we limit ourselves to notice that in principle we can construct a huge number
of Levy families as a consequence of Theorem 1.2, page 844 of [GM]:
Corollary 1. Let Yi = (Xi, gi, µi) a family of compact Riemannian spaces with natural normalised Riemannian
measures. Assume there is a positive constant c > 0 such that definitely Ri ≥ c. Consider any sequence of
positive constants ci such that
lim
i→∞
ci =∞. (2.43)
Then, the new family
Y˜i = (Xi, g˜i, µi), g˜i =
1
ci
gi (2.44)
is Levy.
Proof. Obviously R˜i = ciRi. Since definitely Ri ≥ c, we have limi→∞ R˜i = +∞. 
However, such the richness is not so genuine, since in most of the cases the resulting family is degenerate, [GM],
2.3. For example, this obviously happens if the diameters di of Xi satisfy di ≤ d ∀i, for some positive d.
Therefore, we will now introduce nontrivial families of Levy sequences generalising the classical series.
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2.2. Concentration of measure on connected compact Lie Groups. Let us first consider sequences of
semisimple compact Lie groups. These have the form
Gn = G
(1)
n × · · · ×G(kn)n /∆n (2.45)
where G
(j)
n is a compact simple Lie group, and ∆n a finite group. The situation is now quite different with
respect to the previous cases. A fundamental point is that now we have infinite choices for the invariant measure
even if we fix the whole normalisation. If |∆n| is the cardinality of ∆n, we can define an invariant measure
normalised on G by picking on G
(j)
n the unique invariant measure µj such that µj(G
(j)
n ) = |∆n|
1
kn . We then get
as much other measures as all possible choices of positive numbers νj > 0, j = 1, . . . , kn such that
∏
j νj = 1,
by defining
µ =
n⊗
j=1
µj
νj
. (2.46)
After suitably renormalising the single component measures, we can obtain several different behaviours of the
concentration of the measure as function of the weight νj we assign. Therefore, we may have a quite reach
casuistry, however, here we will concentrate on the simplest case when all νj are fixed to 1.
In any case, the metric will be the Killing one obtained by standard normalisation for each factor. Thus, we
have two interesting classes of possibilities for Gn:
the first one is that for each n there is a jn ≤ kn such that
G(jn)n = G(nj), (2.47)
where nj → ∞ when n→ ∞, and G(nj) is one of the classical simple series considered above, and jn ≥ K for
some K > 0. In this case, since the measure is the product of measures, the concentration is just a consequence
of the one for the sequence of the simple G(nj)s, and follows from Macdonald’s formulas and the geometric
considerations we have done above.
The second class is the one where dimG
(j)
n ≤ D for some D > 0 uniformly in n, j, but with kn → ∞ when
n → ∞. In this case the Macdonald’s formula is not particularly helpful and does not allow to get a simple
description on how the measure eventually concentrate. However, we can follow example 4.d(b) in [GM] to prove
the Levy property. For example, it is sufficient to scale the metric so that the whole diameter of Gn remains
bounded uniformly in n. We omit the details since it is just a straightforward generalisation of the discussion
in [GM] and does not allow us to get further information on the concentration phenomenon. Nevertheless, we
notice that the argument just stated allows us to extend our statement to the case where some of the factors
(or even all) are S1s in place of simple groups. Therefore, we can state our result in a quite general form.
Each finite dimensional connected compact Lie group G can be written in the form [HM]
G ≃ G0 × T s/ZG,
with G0 a semi-simple Lie subgroup, T
s an s-dimensional abelian torus, and ZG a finite subgroup of G.
Theorem 1. Let {Gn} a family of connected compact Lie groups
Gn = G
(1)
n × · · · ×G(kn)n × T sn/ZGn (2.48)
such that:
• or kn and sn are uniformly bounded in n and at least one among the simple groups components Gjnn
is a classical series, all factor have normalised invariant measure and the simple factor have standard
normalised Killing metric,
• or at least one between kn and sn diverges to ∞ with n, and the whole metric is rescaled do that the
diameter dn of Gn is uniformly bounded dn ≤ D <∞.
Then (Gn, µn, ρn) is a Levy family, with normalised measure µn and metric ρn.
The proof just combines the methods of [GM] with the results obtained above.
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3. Concentration of measure on compact sets
We have analysed the concentration of the measure for explicit example of compact Lie groups. However,
the extreme amenability of a group is related to the concentration of the measure induced by the Levy family
on any compact Lie group. In order to improve our intuition on the phenomenon, we will present here some
explicit examples, which are also aimed to clarify some confusion appearing in literature.
3.1. Concentration of measure on finite dimensional compact manifolds. We now want to look at
what happens when one of the above families of groups acts on a finite dimensional compact manifold. Let us
consider SO(∞) acting on Sn for a fixed n. We want to consider a family of continuous actions of SO(k + 1)
on Sn. Let us fix an “arbitrary” continuous action ρk for any k. Homotopy theory shows that the orbits
of SO(k) through any given point must be homeomorphic to the quotient of the whole group and one of its
possible subgroups (including the improper ones). Since the largest proper subgroup of SO(k + 1) is SO(k),
with quotient Sk, we see that for k > n the only admissible orbits are the ones given by points and the ac-
tion is necessarily trivial (of course, this is true not only for Sn but for any compact manifold of dimension
n). For k = n the action must be trivial or transitive. Finally, for k < n there can exist more inequivalent
actions [B], [HH]. The action of classical groups of low dimension on spheres of higher dimension has been
diffusely treated, for example, in [B1], [MS]. Here we consider a couple of example just to give an idea. In
order to understand a little bit the phenomenology, let us fix n and choose simple linear actions of SO(k) on Sn.
n = 1. Let us define
Rα =
(
cosα sinα
− sinα cosα
)
, (3.1)
acting linearly on R2, and identify S1 = {x ∈ R2|‖x‖ = 1}. Therefore, via Rα, SO(2) acts transitively on S1.
For any other k > 1 we have that SO(k + 1) can have only a trivial action so that any point is left fixed.
Let us fix a point p ∈ S1, say p ≡ (0, 1)t. Using the action
ρk : SO(k + 1)× S1 −→ S1, (3.2)
we thus get a continuous (ant then measurable) map
fk,x0 : SO(k + 1) −→ S1, g 7−→ fk,x0(g) = ρk(g, x0). (3.3)
On SO(k + 1) we have a unique bi-invariant measure µk such that µk(SO(k + 1)) = 1. If we parameterise the
groups like in [CDPS], said
g : DG −→ G (3.4)
the parameterisation, any measurable subset U of G has (invariant) measure
µG(U) =
∫
g−1(U)
dµG(g(x)). (3.5)
Thus, we have a measure µk,x0 over S
1 defined by
µk,x0(V ) = µk(f
−1
k,x0
(V )). (3.6)
In our case, for k = 1, we can chose for S1 the local coordinate θ such that
S1 ∋ q(θ) ≡ (x, y)t = (cos θ, sin θ)t, θ ∈ (0, 2π). (3.7)
Therefore, Rα(q(θ)) = q(θ − α), which implies that the invariant measure induced by ρ1 is
dµ1(θ) =
1
2π
dθ. (3.8)
For k > 1, instead, the action is
ρk(g, q) = q (3.9)
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for any q ∈ S1. This means that if V ⊂ S1 then
f−1k,p(V ) =
{
∅ if p /∈ V,
SO(k + 1) if p ∈ V. (3.10)
Therefore µk,p = Dp is the Dirac measure over S
1 concentrated in p. We have proved
Proposition 5. The action of SO(∞) over S1 leaves any point fixed. The normalised measure generated by
the sequence of invariant measures of the Levy family starting from a point p is the Dirac measure supported in
p, and stabilises for SO(k) already at k = 3.
n = 2. In this case, for k ≥ 2 we have a phenomenology similar to the previous one. If we fix p ≡ (0, 0, 1) ∈
S2 = {x ∈ R3|‖x‖ = 1}, then, for k > 2 we get µk,p = Dp, while µ2,p = m is the Lebesgue measure on S2. For
k = 1 we can have different choices. Let R(θ, ~n) the rotation of an angle theta around the direction ~n. Then we
have two possibilities: either the direction ~n passes through p or not. If yes, then p is left fixed by the group
and, again, µ1,p = Dp. If not, then the orbit through p is a circle S
1
p. Using the same method as above we get
that in this case µ1,p = DS1p , the Dirac measure concentrated on S
1
p.
Similar argumentations can be done for n > 2. This generalises the previous proposition to
Proposition 6. For any finite n, the action of SO(∞) over Sn leaves any point fixed. The normalised measure
generated by the sequence of invariant measures of the Levy family starting from a point p is the Dirac measure
supported in p, and stabilises for SO(k) already at k = n+ 2.
If we consider SU(∞) in place of SO(∞) it is natural to work with CPn in place of the sphere, but we would get
the same phenomenology. Indeed, the previous propositions are consequences of the above homotopy argument,
the finite dimensionality of the compact and the structure of the sequences of simple compact simply connected
groups. We have
Proposition 7. Let Gk, k = 1, 2, . . ., one of the classical series of simple compact simply connected groups,
and consider the group G∞ defined by the sequence . . . ⊂ Gk ⊂ Gk+1 ⊂ . . .; let K be a compact set of dimension
n, on which G∞ acts equicontinuosly. Finally, let µn the sequence of normalised invariant measures. Then,
G∞ leaves invariant any point of K. Moreover, the normalised measure generated by the sequence of invariant
measures of the Levy family starting from a point p is the Dirac measure supported in p, and stabilises for Gk
for k ≥ n0, with a suitable finite n0.
Proof. The only thing we have to show is that in, any case, the orbits of Gk of dimension larger than zero have
definitely dimension larger than n. Since the smallest orbits of this kind are the quotient of Gk with its larger
maximal proper subgroup, which are
SU(k + 1)/U(k) ≃ CPk, SO(k + 1)/SO(k) ≃ Sk, USp(2k + 2)/USp(2k) ≃ S4k−1, (3.11)
the assert immediately follows. 
Notice that in order to precisely define the limit G∞ we should specify a topology. Nevertheless, thanks to the
finite dimensionality of K the stated proposition is independent from such the choice.
It is clear from the proof of this proposition that if we want to meet a different behaviour we must move away
from simple groups. For example, let us consider U(∞) with the inductive limit topology.
Proposition 8. There is an infinite number of finite dimensional compact manifolds that admit an equicontin-
uous action of U(∞) without fixed points.
Proof. A maximal subgroup of U(k + 1) is SU(k + 1) with quotient U(k + 1)/SU(k + 1) ≃ U(1). Therefore,
U(k + 1) admits 1-dimensional orbits in any dimensions. More precisely
U(k + 1) = SU(k + 1)× U(1)/Zk+1. (3.12)
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The maximal subgroup of SU(k + 1) is U(k) so that, apart from the trivial action, the minimal orbits of the
action of SU(k+1) must be 2k-dimensional (the dimension of SU(k+1)/U(k)). If k is large enough its action
on Sn, for any fixed n, becomes trivial and it remains only the possible action of U(1). Now, it is easy to see
that for any given n = 2m+ 1, that is when n is odd, there is at least one action of U(1) without fixed points.
Indeed, let mj , j = 1, . . . ,m+ 1 be all non vanishing integer numbers. If e
iθ ∈ U(1), then
eiθ 7−→ Rmjθ, (3.13)
with Rα as above, defines an irreducible representation of U(1) over R
2. Therefore, we can decompose R2m+2 =
(R2)⊕m where each R2 is an irreducible space under the action of the matrix (2m+2)× (2m+2) block diagonal
matrix
Rm¯(θ) = diag(Rm1θ, Rm2θ, . . . , Rmm+1θ). (3.14)
This matrix defines a nontrivial action of U(1) on S2m+1 = {x ∈ R2m+2|‖x‖ = 1} which does not have fixed
points. Indeed, suppose that p ∈ S2m+1 is a fixed point for Rm¯(θ) for all θ. Then λp is also left fixed by Rm¯(θ)
for any real λ. Thus it generates an invariant one dimensional subspace of R2m+2, which contradicts that R2m+2
is direct sum of two-dimensional irreducible subspaces. 
This proposition essentially shows two facts. The first one is that for any n, it exist a k = k¯ > n such that
U(k) (for each k ≥ k¯) acts on Sn with U(1) as the only possible non trivial orbit. The second fact is that there
exists an action of U(1) on the (odd dimensional) spheres without fixed points. This suggests that such U(1)
action could survives the k → ∞ limit. Thus, on a finite dimensional compact manifold, only U(1) orbits are
expected to survive, with possible free actions, and, therefore, this finite dimensional component is responsible
for the eventual absence of fixed points, unless the U(1) factor is contracted down to a point, like it happens
with the Hilbert-Schmidt topology. This U(1) factor survives in the inductive limit topology.
Proposition 9. Let U(∞) be the inductive limit of the canonical chain · · · ⊂ U(n) ⊂ U(n+ 1) ⊂ · · · . Then,
there exists a copi of U(1) = S1 in U(∞).
Proof. Let us consider a collection of points en ∈ SU(n)\SU(n − 1) and the copies of S1 constituted by
en × U(1)/Zn ≡ S1;n. Let x, y ∈ S1;n two distinct points, and An, Bn two open sets separating them. For
any N > n let A′N , B
′
N two disjoint open sets in U(N)\U(N − 1). The open sets A = An
⋃
N>nA
′
N and
B = Bn
⋃
N>nB
′
N separate the points x, y in the inductive limit. It follow that S
1;n is conserved for any n in
the inductive limit, and the assertion follows. 
The method used in the proof to separate the points can be used for the inductive limit of SU(∞). This
means that the inductive limit preserves the spaces used to construct it, so it does not contract anything.
In conclusion, at least for finite dimensional compact manifolds, the lack of fixed points is due to the fact
that for any k it exist an orbit U(1) ≃ S1. Its existence due to a U(1)-factor common to all U(k). In particular,
its self action has not fixed points, and it is thus a particular compact manifold admitting an action without
fixed points. This shows that, more in general, the same argument applies to the general construction (3.15),
every time in the sequence it exists a common factor G0:
Proposition 10. Let {Gn} a family of connected compact Lie groups
Gn = G
(1)
n × · · · ×G(kn)n × T sn/ZGn (3.15)
such that it exists a finite dimensional compact Lie group G0 and, for any n, an isomorphism G
(kn)
ln
≃ G0
for 1 ≥ ln ≥ kn. Alternatively assume that sn 6= 0 for n > n0. Then, it exists at least a finite dimensional
compact manifold admitting an equicontinuous action of G∞, taken with the inductive limit topology, without
fixed points.
Of course, K = G0 or K = S
1.
Conclusion: These examples essentially exhaust all those characteristics relevant for probing the extreme
amenability of certain families of infinite dimensional Lie group (every time the limit define a Lie group, se [G])
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by means of finite dimensional compact manifolds. In the classes of groups we considered, generated by families
of connected compact Lie groups, we see that semi-simplicity seems to play an important role for ensuring the
existence of fixed points, if, further, the simple components belong to the classical series. In this sense, the
information from finite dimensional compact manifolds is quite elementary: either there exists always such the
manifold without fixed points, or each point is always left fixed. In order to get less elementary information
extreme amenability and concentration properties, we have to work with infinite dimensional compact sets. In
this case, we expect that the topology involved in the definition of the limit group becomes fundamental. For
example, it is well known that SO(∞) and SU(∞) defined with the Hilbert-Schmidt topology are extremely
amenable, whereas for the corresponding limits defined using the inductive topology the question is still open,
see questions 4,17,19 in [P2].
3.2. Concentration of measure on infinite dimensional compact sets. We will consider two simple
examples of infinite dimensional compact sets and the concentration of measure on them associated to the
continuous action of certain infinite dimensional groups.
3.2.1. An elementary example. Let H be a real infinite dimensional Hilbert space, with scalar product (|) and
norm ‖ ‖. We define the spheres and the closed balls
S∞r := {x ∈ H|‖x‖ = 1}, (3.16)
B∞r := {x ∈ H|‖x‖ ≤ 1}. (3.17)
Both are closed and bounded but none of them is compact in H with the strong topology. Therefore, let
us consider the weak topology, the weakest topology which makes the maps of the topological dual H′ of H
continuous. Its open set are generated by open sets of the form
Uv,ε(x0) = {x ∈ H||(v|x − x0)| < ε}, (3.18)
under finite intersections and arbitrary unions, where v ∈ H.
If Hv ≡ v⊥, v 6= 0, then
Uv,ε(x0) =
⋃
α∈R,|α|<ε
{x0 + α v‖v‖2 +Hv}. (3.19)
Of course, S∞r is not closed in the weak topology, and S
∞
r = B
∞
r . Indeed, let us first consider y ∈ B∞r , and fix
an orthonormal complete system {ej}∞j=1 for H such that y = ‖y‖e1. Therefore, the sequence
xn := y +
√
r2 − |y|2en, n > 1 (3.20)
is in S∞r and satisfies
lim
n→∞
(v|y − xn) = 0 (3.21)
for any v ∈ H, which means that y is an accumulation point for S∞r in the weak topology. On the opposite, if
y /∈ B∞r , then ‖y‖ > r and, for any x ∈ S∞r ,
|(y|y − x)| = |‖y‖2 − (y|x)| ≥ |‖y‖2 − |(y|x)|| ≥ ‖y‖(‖y‖ − ‖x‖) = ‖y‖(‖y‖ − r) > 0, (3.22)
so that y is isolated from the ball.
Let us now fix a complete orthonormal system {ej}∞j=1 for H. Set
RN := Re1 ⊕ · · · ⊕ ReN . (3.23)
Notice that its orthogonal complement in H is
RN
⊥
= He1 ∩ · · · ∩ HeN . (3.24)
We can consider the linear action of the group SO(N) on H defined by its fundamental action on RN and by
its trivial action on RN
⊥
. Let us consider the sequence of canonical embeddings
. . . ⊂ SO(N) ⊂ SO(N + 1) ⊂ SO(N + 2) ⊂ . . . (3.25)
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and its limit SO(∞) w.r.t. to any topology which makes the embeddings SO(N) →֒ SO(∞) continuous for all
N . Let be K = B∞r endowed with the weak topology, so that K is a compact set. For any given point x ∈ B∞r
we define the measures µxN over K induced by the action of SO(N) over K as follows. If
f : SO(N)×H −→ H (3.26)
is the action of SO(N) on H defined above, it is clear that its restriction over SO(N) × B∞r defines an action
of SO(N) on B∞r . Given a subset A ⊆ B∞r , let us consider the subset SO(N)xA of SO(N) defined by
SO(N)xA := {g ∈ SO(N)|f(g, x) ∈ A}. (3.27)
We say that A is measurable if SO(N)xA is measurable with respect to the normalized Haar measure µSO(N) of
SO(N),1 and put
µxN (A) := µSO(N)(SO(N)
x
A). (3.28)
Then
Theorem 2.
lim
N→∞
µe1N = D0 (3.29)
where D0 is the Dirac measure with support in 0.
Proof. The image of e1 under the action of SO(N + 1) is
f(SO(N + 1), e1) = S
N
1 = S
∞
1 ∩ RN = {y =
N+1∑
j=1
yjej|‖y‖ = 1}. (3.30)
It follows immediately that
µe1N+1 = DSN1 (3.31)
the Dirac measure uniformly supported on SN1 (so that it is the normalized Lebesgue measure when restricted
to the support). Choosing for any N the spherical polar coordinates with azimuthal axes defined by e1, it is
a standard argument (see [L]) to show that when N → ∞ the measure concentrates on S∞1 ∩ He1 . Iterating
the procedure w.r.t. e2 ∈ S∞1 ∩ He1 and so forth, we see that for any finite k the measure concentrates on
S∞1 ∩ Rk⊥. Taking the closure of these sets and noting that
⋂
k∈NHk = 0 ∈ B∞1 we get the assertion. 
This phenomenon of concentration of measure on the compact can be also interpreted as an optimal transport
of mass along geodesics of measures, which converge to D0, see, for example, [LV]. In particular, a recent work
by Schneider [S] uses this approach to prove a conjecture by Pestov [P1].
Proposition 11. If x ∈ B∞r , then
lim
N→∞
µxN = D0. (3.32)
Proof. If x 6= 0 then the proof follows exactly the same line as above. The case x = 0 follows from µ0N = D0 for
any N . 
Notice that we can get a completely geometrical picture of this phenomenon: acting on x ∈ K = B∞r , SO(∞)
generates K as a union of (infinitely many) leaves like an onion when ‖x‖ varies in [0, r]. In fact, SO(∞) acts
transitively on each leaf, but all leaves have as common center the origin 0 which is left fixed by each SO(N).
Since the normalised measure induced on each SN|x| is always the same as for S
N
1 if x 6= 0, it is natural to expect
that the measure will concentrate on the common accumulation point, which is just 0.
We can repeat substantially the same calculation starting from a complex Hilbert space HC and acting with
the groups SU(N) and U(N), where projective spaces replace the spheres, and using the results in section 2.1.1.
More precisely, the reference compacts for SU(N + 1) is CPN , whereas for U(N + 1) is S2N+1 and they are
1The normalization is µSO(N) = 1.
14 S.L. CACCIATORI1,2 AND P. URSINO3
related by the Hopf fibration U(1) →֒ S2N+1 π−→ CPN . Again, for each N and x ∈ K (the weak closure of the
CP∞ or S∞) we can define the measure µxN and get
Proposition 12. If x ∈ K, then
lim
N→∞
µxN = D0. (3.33)
We do not know if SO(∞) and SU(∞) are extremely amenable or not, if endowed with the inductive topology.
Nevertheless, we know that U(∞) is not extremely amenable with such topology. Despite this, probably as a
consequence of the weakness of the weak topology, its action on K results in the concentration of the measure
in a point. This concentration is “non essential” in the sense that it is due to the property of the compact and
not of the Levy sequence of groups. This is easily seen by changing the compact set. If K = B∞r with the
weak topology and we identify S1 endowed with the metric topology with U(∞)/SU(∞), then K ′ = K × S1
with the product topology is a compact set. Now, after fixing a point x′ = (x, θ) ∈ K ′, we see that, because
of proposition 12 and the results in the previous section, necessarily the measures generated by the sequence
SU(N)′s concentrate on the point x′0 = (0, θ). But since U(∞) has no fixed points on S1 = U(∞)/SU(∞),
then the measures induced by the sequence of U(N)′s will obviously concentrate uniformly on 0× S1.
3.2.2. Another simple example. The example we have just presented is quite elementary from our perspective,
in the sense that the final fixed point is indeed already left fixed by each finite group Gn in the sequence. In this
sense, we want now to consider a less simple example, a compact set which has fixed points only for the action
of the limit group but not for the finite dimensional subgroups. To this end, we invoke the Rellich-Kondrashov’s
theorem in the following form: let Ω a compact subset of Rm and consider the Sobolev’s space W k,q(Ω,R) of
real valued functions having weak derivatives up to order k. Then for any k, q, p,m such that
1 ≥ 1
p
>
1
q
− k
m
> 0 (3.34)
the map
J :W k,q(Ω) →֒ Lp(Ω), f 7→ f, (3.35)
is a compact embedding. In particular, it transforms bounded closed sets of W k,q(Ω) into relatively compact
sets of Lp(Ω). We can choose p = q = 2, k = 1 and m = 3, so that both H′ := W 1,2(Ω) and H := L2(Ω) are
separable real Hilbert spaces. In H′ let us pick the bounded closed set
C = S∞1 = {x ∈ H′|‖x‖ = 1}.
Of course C is not compact in H′, but K := J(C) is compact in H. Let us fix a complete orthonormal system
{ej}j∈N for H′. For any fixed n we can then identify
H′ ≃ Rn ⊕ Rn⊥. (3.36)
If Rn is the fundamental irreducible representation of SO(n) over R
n, we can act on H′ with the representation
Rn := Rn ⊕ 1, 1 being the trivial representation on Rn⊥. Restricted to C it gives an action of SO(n) on C.
This action induces an action of SO(n) on K via the map J : gJ(x) := J(gx). Now, let us fix a point x in C,
say x = e1. To it there will correspond a point y = J(x) ∈ K. Surely y 6= 0. Starting from this point we can
induce on K a measure induced by the action of SU(n), as usual. The orbit of the action of SO(n) over x is the
sphere of radius 1 into the first Rn factor. By homogeneity the induced measure is supported on the orbit and,
on it, coincides with the usual translationally invariant metric mn−1 on S
n−1
1 . To it, in K it will correspond a
measure J(mn−1) = mn−1 ◦ J−1 concentrated on J(Sn−11 ).
At this point we can apply the well known results for the Lebesgue measure on spheres. Having taken e1 as
a starting point, we see that when n increases the measure will concentrate in a small neighbourhood (with
decreasing radius∼ 1/√n) of the farthest equator from x. This generalises to any fixed set of vectors e1, . . . , ek in
the orthonormal system fixed above: if Hk is the linear space spanned by that points inH′, then the measure will
concentrate on the intersection S∞1 ∩H⊥k . Therefore, on K the measure will concentrate on χk = J(S∞1 ∩H⊥k ).
This is obviously compact for each k, and χk+1 ⊂ χk. Therefore, we will expect that the measure will converge
on χ =
⋂
k∈N χk which cannot be empty.
Indeed, by the definition, we expect χk consists of a single point, since it should be equivalent to limn→∞ J(en).
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In order to see this we consider an even more specific example:
In W 1,2([0, 2π]), let us consider the subspace
H10 (0, 2π) = {f ∈W 1,2([0, 2π])|f(0) = f(2π) = 0, f absolutely continuous}. (3.37)
Therefore, the embedding J : H10 (0, 2π) →֒ L2([0, 2π]) is again a compact operator. The Laplacian
∆ = − d
2
dx2
(3.38)
on H10 (0, 2π) is selfadjoint with compact inverse. Its spectrum is then made of strictly positive eigenvalues λn
such that limn→∞ λn = ∞. Indeed, λn = n2, n = 1, 2, 3, . . . with correspondent eigenvectors fn such that
fn(x) = sin(nx). The functions
un(x) =
sin(nx)√
π(n2 + 1)
, n = 1, 2, 3, . . . (3.39)
form an orthonormal complete set for H10 (0, 2π). Their image under J , vn = J(un) ≡ un have norm
‖vn‖L2 =
1√
n2 + 1
, (3.40)
so that in L2 vn → 0. This proves our statement above. Notice that 0 ∈ K is then the concentration set of
the measure and it is a fixed point for the action of the limit group. Indeed, it is left fixed by all finite groups
SO(n).
4. Concluding remarks
We presented some specific examples for probing extreme amenability properties of certain infinite dimen-
sional Lie groups. In particular, our interest is in understanding the possible extreme amenability of the limit
groups SO(∞), SU(∞) and USp(∞) endowed with the inductive limit topology. Our examples are far from
giving important hints in this direction. Probing with finite dimensional compact manifolds gives very partial
information and provides hints in favour of extreme amenability of these groups. Nevertheless, such probes
are not sensitive to the topology of the infinite dimensional limit. It is known that these groups are indeed
extremely amenable when endowed with the Hilbert-Schmidt topology, and this is in fact true also for U(∞).
However, the finest topology compatible with the continuity of the action of the groups in the defining sequences
is the inductive limit topology. In this case it is a known fact that U(∞) is no more extremely amenable. Our
analysis suggests that this is essentially due to the U(1) component, and that the “simple” component SU(∞)
does not enters the game. However, getting information on infinite dimensional objects via finite dimensional
reasoning may be often misleading, since infinite dimensional phenomena can be counterintuitive. This led
us to try to look for examples including the action on infinite dimensional compact sets. To our knowledge
there are not such kind of examples in literature so we provided two simple cases. Our examples are quite
elementary in the sense that they present a fixed point for SO(∞), which is a fixed point also for each of the
finite dimensional groups SO(n). The main difference with respect to the case of a finite dimensional compact
set is that, while in finite dimensions the measure induced by the action of the group starting from a generic
point concentrates on the fixed point already for the finite dimensional groups (for dimension large enough),
for the infinite dimensional compact sets the measure concentrates on the fixed point only in the infinite limite
(unless one chooses the fixed point as starting point for defining the measure). Even though our examples do
not give any answer, they suggest a possible way to look at the problem. We have seen that the presence of
the fixed points (all points) for finite dimensional compact sets is due to the fact that the non pointlike orbits
for the standard sequences of simple groups have unbounded increasing dimension. In the infinite dimensional
examples we worked with compact sets in Hilbert spaces, in a case with the weak topology and in the second
case with the strong topology. In both cases we are tempted to say that the presence of the fixed point is
due to the fact that the compact sets are not large enough for the orbits of the groups, which in the inductive
limit are infinite dimensional and noncompact. Of course our discussion is completely speculative and would
require to be corroborated by further examples, with infinite dimensional sets “large enough”. Our feeling is
that the orbits grow too much fast for any compact set to avoid fixed points. If true, it would imply that the
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aforementioned groups are extremely amenable even in the inductive limit topology. We will come back to this
point in a future work.
CONCENTRATION OF MEASURE FOR CLASSICAL LIE GROUPS 17
Appendix A. The Macdonalds formula
Let us consider any simple compact Lie algebra of dimension d and rank r. It is characterised by p = (d−r)/2
positive roots αi, i = 1, . . . , p from which one can pick out a fundamental set of simple roots, say αi, i = 1, . . . , r.
To each non vanishing root αi is associated a coroot
αˇ =
2α
(α|α) , (A.1)
being (|) the scalar product, induced by the Killing form, on the real form H∗
R
of the dual H∗ of the Cartan
subalgebra H . The simple coroots define a lattice whose fundamental cell represents the fundamental torus T r.
The polynomial invariants of the algebra (and groups) are generated by r fundamental invariants of degree di,
i = 1, . . . , r, depending on the algebra.
For such a Lie algebra there can be several compact Lie groups having it as Lie algebra. All of them are obtained
by taking the quotient of the unique compact simply connected group G w.r.t. a subgroup Γ of the center Z of
G: GΓ = G/Γ. Γ is isomorphic to π1(G).
Theorem 3 (Hopf). The cohomology of a connected compact Lie group G of rank r over a field of characteristic
0 is that of a product of r odd dimensional spheres.
See [HM]. Indeed, such spheres have dimension Di = 2di − 1, i = 1, . . . , r, where di are de degrees of
the fundamental invariants. The Killing form induces on a simple Lie group a unique (up to normalisation)
bi-invariant metric that gives to the compact groups a Riemannian structure. In particular, the corresponding
Riemannian volume form gives the Haar measure on the group. Normalising the metric by fixing the length of
any given simple root completely fixes, by rigidity, the entire volume of the group, which can then be computed
by means of the Macdonald’s formula [M], [BCC], [CCDVOS]:
V (GΓ) =
1
|Γ|V (T
r)
r∏
i=1
V (S2di−1)
p∏
i=1
(αˇi|αˇi), (A.2)
where |Γ| is the cardinality of Γ,
V (T r) = |αˇ1 ∧ . . . ∧ αˇr| (A.3)
and
V (S2di−1) = 2
πdi
(di − 1)! . (A.4)
A.1. Levy property from the Ricci Tensor. Recall that a Levy family is a family of metric spaces with
normalised measure (Xi, di, µi) and the Levy property is a concentration property of the family of measures
with respect to the distances di. It is important to remark this point since we can change the property of being
Levy or not simply by rescaling the distances by i-dependent constants. In particular, if Xi, or better (Xi, gi),
are compact Riemannian manifolds, if µgi is the measure naturally associated to gi, we can then consider the
family
Yi = (Xi, gi, µi), µi =
µgi
µgi(Xi)
, (A.5)
and ask whether it is Levy or not. A simple answer is given by the theorem at page 844 in [GM]: let Rici the
Ricci tensor determined by gi and define
Ri = inf Rici(τ, τ) (A.6)
taken in the set of all tangent vectors of unit length. The theorem states that if
lim
i→∞
Ri = +∞, (A.7)
then Yi is Levy.
We will now compute the Ricci tensor for the simple groups in order to prove that the classical sequences of
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simple Lie groups are Levy. The Maurer-Cartan (Lie algebra valued) 1-form j over a compact Lie group G is
related to the bi-invariant metric g over G by
g = −κ2K(j ⊗ j), (A.8)
where κ is a real normalization constant (for example, chosen so that G has volume 1), and K the Killing form
over Lie(G), which is negative definite since G is compact. j does satisfy the Maurer-Cartan equation
dj +
1
2
[j , j ] = 0, (A.9)
where [, ] is the Lie product combined with the wedge product, as usual. If we fix a basis Ti, i = 1, . . . , d, for
g = Lie(G), and define the structure constants by
[Ti, Tj] =
d∑
k=1
c kij Tk, (A.10)
we can set
j =
d∑
j=1
jjTj (A.11)
and the Maurer-Cartan equation becomes
djk +
1
2
∑
i,j
ji ∧ jjc kij = 0. (A.12)
If we look at the components of j as defining a vielbein ji, i = 1, . . . , d, associated to a metric
g˜ij = δijj
i ⊗ jj , (A.13)
we see that the Maurer-Cartan equation can be seen as the structure equation for the Levi-Civita connection
(in terms of the Ricci rotation coefficients):
djk +
∑
j
ωkjj
j = 0, (A.14)
which thus gives
ωkj =
∑
i
1
2
c kij j
i. (A.15)
The curvature two form is then
Ωkj = dω
k
j +
∑
l
ωkl ∧ ωlj . (A.16)
Its components Rkjlm with respect to the vielbein are thus
Rkjlm =
1
4
∑
s
C slmC
k
js (A.17)
from which we see that the Ricci tensor is
Ricij = −1
4
Kij , (A.18)
where K is the Killing form. Let us fix the compact simple Lie group G and fix any basis {Ti} for the Lie
algebra in the smallest faithful representation ρ. A standard choice is to assume the basis is orthonormalised
w.r.t. the condition (standard normalisation, see App. A.3)
−1
2
Tr(ρ(Ti) ◦ ρ(Tj)) = δij (A.19)
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which is natural since G is compact. This is also a biinvariant metric, then, it exists a positive constant χG
(independent from Γ) such that
Kij = −χGδij (A.20)
so that
Ricij =
χG
4
δij , (A.21)
or in coordinates
Ricij =
χG
4
g˜ij . (A.22)
The coefficients χG for the classical series of simple groups are computed below. We have: χSU(n) = n + 2,
χSO(n) = n− 2 and χUSp(2n) = 2n+ 2.
Therefore, we get the following corollary of the Gromov-Milman theorem:
Corollary 2. Let
Zi = (Gi, g˜i, µi), (A.23)
where Gi is any one of the classical sequences of compact simple Lie group, considered in the previous section, g˜i
the corresponding standardly normalised biinvarian metric, and µi the Riemannian normalised measure. Then
{Zi}i is a Levy family.
Proof. From (A.22) we get
Ri =
χG
4
. (A.24)
From the values of χG we get
Ri =


i+2
4 if G = SU(i),
i−2
4 if G = SO(i),
i+1
2 if G = USp(2i).
(A.25)
Then, limi→∞Ri = +∞. 
A.2. Computation of χG. The strategy for computing the coefficient χG is very simple: after choosing an
orthonormal basis Ti in the smallest faithful representation ρ, we use it to compute one of these matrices in the
adjoint representation. Then
χg = −1
2
Tr(ad2T1). (A.26)
We will indicate with Ei,j the elementary matrix having as the only non vanishing element the one at line i and
column j, which is 1.
The unitary case: The ρ representation of su(n) is realised by the anti-hermitian n × n matrices having
vanishing trace. A basis is given by Hk, Skj , Akj , k = 1, . . . , n− 1, 1 ≤ k < j ≤ n, where
Hk =
i
√
2√
k2 + k
(E1,1 + . . .+ Ek,k − kEk+1,k+1), k = 1, . . . , n− 1, (A.27)
Sk,j = i(Ei,j + Ej,i), k < j, (A.28)
Ak,j = Ek,j − Ej,k, k < j. (A.29)
Let us construct the adjoint matrix of H1. The only non vanishing commutators of H1 are
[H1, A1,2] = 2S1,2, [H1, S1,2] = −2A1,2, (A.30)
[H1, A1,j ] = S1,j , [H1, S1,j] = −A1,2, j = 3, . . . , n. (A.31)
In order to compute (ad(H1))
2 we have to compute again the commutator, which gives
ad2H1(A1,2) = −4A1,2, ad2H1(S1,2) = −4S1,2, (A.32)
ad2H1(A1,j) = −A1,j, ad2H1(S1,j) = −S1,j, j = 3, . . . , n. (A.33)
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Taking the trace we get χSU(n) = n+ 2.
The orthogonal case: The ρ representation of so(n) is realised by the anti-symmetric n×n matrices. A basis
is given by Akj , 1 ≤ k < j ≤ n, where
Ak,j = Ei,j − Ej,i, k < j. (A.34)
Let us consider ad(A1,2). The only non vanishing commutators are
[A1,2, A1,j ] = −A2,j , [A1,2, A2,j ] = A1,j , j = 3, . . . , n. (A.35)
Iterating the commutators, we get
adA1,2(A1,j) = −A1,j, adA1,2(A2,j) = −A2,j , j = 3, . . . , n. (A.36)
After taking the trace we get χSO(n) = n− 2.
The symplectic case: The ρ representation of usp(n) is realised by the anti-hermitian 2n×2nmatrices having
the form (
A B
C −At
)
, (A.37)
where B and C are symmetric. A basis is given by
Ha = i(Ea,a − Ea+n,a+n), a = 1, . . . , n; (A.38)
Sdij =
i√
2
(Ei,j + Ej,i − Ei+n,j+n − Ej+n,i+n), i < j; (A.39)
Adij =
1√
2
(Ei,j − Ej,i + Ei+n,j+n − Ej+n,i+n), i < j; (A.40)
Ta = i(Ea,a+n + Ea+n,a), a = 1, . . . , n; (A.41)
Saij =
i√
2
(Ei,j+n + Ej,i+n + Ei+n,j + Ej+n,i), i < j; (A.42)
Ua = (Ea,a+n − Ea+n,a), a = 1, . . . , n; (A.43)
Aaij =
1√
2
(Ei,j+n + Ej,i+n − Ei+n,j − Ej+n,i), i < j. (A.44)
We consider the adjoint representation of H1. The non vanishing commutators are
[H1, S
d
1,j ] = −Ad1j , [H1, Ad1,j ] = Sd1j , j = 2, . . . , n, (A.45)
[H1, T1] = −2U1, [H1, U1] = 2T1, (A.46)
[H1, S
a
1,j ] = −Aa1j , [H1, Aa1,j ] = Sa1j , j = 2, . . . , n. (A.47)
Iterating the commutators we get
ad2H1(S
d
1,j) = −Sd1j , ad2H1(Ad1,j) = −Ad1j , j = 2, . . . , n, (A.48)
ad2H1(T1) = −4T1, ad2H1(U1) = −4U1, (A.49)
ad2H1(S
a
1,j) = −Sa1j , ad2H1(Aa1,j) = −Aa1j , j = 2, . . . , n. (A.50)
Finally, by taking the trace we get χUSp(2n) = 2n+ 2.
A.3. On the standard normalisation. The standard normalisation of the metric has a clear meaning if
referred to the two-plane rotations, which are the rotations leaving fixed a codimension 2 space. These are
contained in each group, and are, for example, the one generated by each one of the generators Ak,j of SU(n),
each one of the generators of SO(n), or each one of the Ua in the symplectic case. In order to understand its
meaning let us fix for example Ak,j and consider the one parameter subgroup defined by
R ≡ R(θ) ≡ Rk,j(θ) = exp(θAk,j). (A.51)
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It represents rotations of the k − j plane by θ, and has periodicity 2π. Let us consider the normalised metric
restricted to that orbit O ≡ Ojk = R([0, 2π]). A simple calculation gives
g|O = −1
2
Tr(R−1dR⊗R−1dR) = dθ2. (A.52)
Thus, the total length of the whole orbit, correspondent to a continuous rotation up to a round angle, is exactly
2π.
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